Abstract-The classical Clarke model of mobile radio reception assumes a constant mobile velocity. We, in this paper, relax the assumption of constant mobile velocity to allow the mobile to have constant acceleration and derive expression for the non-stationary autocorrelation function of the channel process in general 2-dimensional (2D) scattering environments. Under suitable assumptions, an expression for Wigner-Ville spectrum is obtained in isotropic scattering environment which suggests that the Wigner-Ville spectrum is a natural generalization of the Clarke's model to constant mobile acceleration scenario.
I. INTRODUCTION
The Clarke's model of mobile radio reception [1] is frequently used in design and analysis of wireless communications systems. The channel between a stationary transmitter and a mobile receiver equipped with omnidirectional antenna is modeled as a stationary complex Gaussian process based on the assumptions that the scattering around the mobile receiver is statistically homogeneous, the magnitudes and phases of the arriving waves are independent, the distribution of angles of arrival (AOA) over [−π, π] is uniform and the mobile moves with constant velocity. Furthermore, all these assumptions remain true irrespective of absolute time.
Several generalizations of the Clarke's model exist in literature, e.g., [2] [3] [4] [5] [6] . However, all these generalizations assume a constant mobile velocity or, equivalently, stationary channel statistics. In this contribution we present a generalization of the Clarke's model by relaxing the assumption of constant mobile velocity to allow the mobile receiver to have constant acceleration in a general scattering environment. The mobile motion with constant acceleration corresponds better to the physical reality because a mobile user may experience changes in velocity caused by traffic lights or road conditions [7] . Moreover, the emerging wireless communications standards specify higher carrier frequencies 1 which are intrinsically more sensitive to mobile motion. The impact of mobile acceleration in such communications systems may not be ignorable and the assumption of constant mobile velocity may not be justified. 1 The IEEE 802.16e standard also known as mobile Worldwide Interoperability for Microwave Access (WiMax) specifies mobile communications at carrier frequencies from 2-11 GHz in non-line-of-sight (NLOS) environments [8, 9] .
A. Channel Non-Stationarity due to Constant Mobile Acceleration
For a fixed carrier frequency f c , the Doppler spectrum of the channel fading process depends directly on the mobile velocity. We have the following relationship between a particular mobile velocity v and a particular Doppler frequency f d present in the Doppler spectrum
where λ c = c/f c is the carrier wavelength (c is the speed of light), and γ is the angle between the scattering angle and the unit vectorv (pointing in the direction of mobile movement).
The maximum Doppler frequency, f
= |v|/λ c corresponds to the wave impinging on the mobile receiver head-on. When the mobile receiver has constant acceleration α, the velocity of the mobile changes continuously with time. If, for example, v denotes the mobile velocity at some time t , the velocity of the mobile at time t > t is given by
The time-varying velocity would imply a time-varying power spectral density (PSD) and, hence, autocorrelation function (ACF). Equivalently, the channel would become a nonstationary complex Gaussian process as a result of constant mobile acceleration and the estimation of the spectral contents of the non-stationary fading process based on stationarity assumption would be inaccurate [10] [11] [12] . When a signal or a random process has time-varying characteristics, a timefrequency representation -a generalization of the classical Fourier transform which transforms the signal (or random process) in time-domain to time-frequency plane -is most suitable [10] .
B. Short background and Motivation
Recently, the impact of non-stationarity due to constant mobile acceleration has been discussed in [13] in relation to correlation based speed estimation for indoor positioning where the constant mobile acceleration, if ignored, was found to introduce errors in speed estimation. The impact of mobile acceleration on linear prediction (and subsequent equalization) of the envelope of frequency-flat complex Gaussian fading was investigated in [14] . The constant mobile acceleration was shown to have an impact on the choice of the adaptive prediction algorithm. For example, the linear prediction based on windowed recursive least squares (WRLS) algorithm performed better than the recursive least squares (RLS) algorithm for a mobile with constant acceleration. These studies of the mobile acceleration impact have been based simply on simulations. To the best of our knowledge, the wireless channel statistics and the performance of a cellular wireless mobile communication system with accelerating mobile receiver have not been analyzed in the literature as yet, perhaps, because the state-of-the-art wireless communication systems operate at frequencies of the order of 2 GHz having sufficiently short transmission frame lengths. Moreover, the channel is estimated for each frame independently of other frames. The impact of mobile acceleration on the estimation of parameters of interest such as channel gain and maximum Doppler frequency for each frame is not significant over the duration of the frame due to mass inertia effect and, therefore, can be ignored without significantly losing accuracy for all practical acceleration possibilities for mobile speeds as high as ≈ 200 km/hr. In this contribution, under suitable assumptions, we analytically show that Wigner-Ville distribution, one of the most popular timefrequency energy distributions, extends the Clarke's stationary Rayleigh fading model to non-stationary fading due to constant mobile acceleration. The results may be important for the design and performance evaluation of a particular aspect of a communications system involving an accelerating mobile receiver or its performance as a whole. This paper is organized as follows. The Section II describes the continuous time and discrete time channel models and specifies different assumptions about various parameters involved. The Section III contains a brief introduction of the . The continuous-time and discrete-time instantaneous channel autocorrelation and corresponding expression for Wigner-Ville distribution are derived in Section IV based on assumption that the mobile velocity can be unbounded and we have infinite sampling rate capability at our disposal. The implications of the assumption of bounded mobile velocity and finite sampling rate are also discussed. Finally, the conclusions are drawn in Section V.
II. CHANNEL MODEL
We consider a downlink mobile communications scenario in which the transmitter is stationary while, at time t, the receiver equipped with an omni-directional antenna moving with initial velocity v and constant acceleration 2 α at angle ψ with respect to x-axis in a sufficiently rich 2D general scattering environment 3 [15] (Fig. 1) .
If s(t) is the continuous-time signal transmitted at time t, the received signal r(t) is given in baseband form as follows:
where h c (t) is the non-stationary continuous-time complex channel process and z(t) is the additive white Gaussian noise (AWGN). It is also assumed that the input, channel and noise processes are independent processes. We also assume that the transmitted signal, channel process and the AWGN noise are of unit variance so that ρ represents the signal-to-noise ratio (SNR). The accelerating mobile moving with initial velocity v 0 is assumed to be at some arbitrary origin 'O' at t = 0. The continuous-time non-stationary channel process h c (t)
where v(t) is the instantaneous velocity, η = 2π/λ is the plane wave phase constant (λ represents the carrier wavelength) and represents integration over a circle. If we further assume that the scattering is zero-mean statistically homogeneous, the magnitudes and phases of the impingent waves are independent and the phases are uniformly distributed over [−π, π], the channel process h c (t) is a zero-mean complex Gaussian process with independent real and imaginary parts of variance 1/2. Equivalently, the envelope of the channel is Rayleigh distributed.
A. Discretization of Continuous-Time Channel Process
We assume that the instantaneous sampling rate is at least twice the instantaneous Doppler frequency which admits t following discrete-time equivalent of the continuous-time inputoutput relationship
where the discrete-time input, output, channel and noise processes retain the statistical properties of their continuous-time counterparts. It may be noticed that we have dropped the subscript d for notational simplicity. In the Clarke's stationary Rayleigh fading channel model and generalizations thereof [2] [3] [4] [5] [6] , the channel spectrum is time-invariant making it possible to have a fixed sampling rate. In the non-stationary scenario at hand, we are at freedom to either fix or use variable transmission and sampling rates to ensure, at least, Nyquist sampling of the channel process.
1) Fixed Transmission and Sampling Rates:
If the communication system designer can foresee the maximum time for which the mobile keeps on moving with the constant acceleration or, equivalently, the maximum Doppler spread is known at the transmitter a priori, it is possible to fix the transmission rate such that the channel is sampled at least at the Nyquist rate in worst channel conditions. As an example, let us assume that the maximum Doppler frequency is 200 Hz. The Nyquist rate corresponding to this rate of channel variation equals 400 Hz which implies that the channel samples required at the receiver to form CSI estimate must be furnished at least at the rate of 400 samples per second. This sampling rate, in turn, (24) is also depicted.
requires the symbol duration to be 2.5 msec. Since the symbol rate is fixed and the channel has to be sampled at symbol rate, at a time when the maximum Doppler frequency is 100 Hz, the channel would get oversampled at twice the Nyquist rate. In fact, when the transmission rate is fixed according to worst channel conditions, the channel gets oversampled for almost the full duration of transmission. Therefore, the cost that has to be paid for keeping the transmission rate fixed is the added complexity due to oversampling of the channel process.
2) Adaptive Transmission and Sampling Rates: If T s is the sampling period, the channel fading rate normalized to the symbol rate, f D , is given as (equation (1))
which implies that the normalized fading rate can be forced to be constant if we can change T s (equivalently, the symbol rate at the transmitter). In other words, the transmission scheme should adapt to the instantaneous Doppler spread which, however, requires a priori knowledge of the instantaneous channel spectrum at the transmitter. The receiver must also have the exact knowledge of the transmission rate implying more stringent adaptive synchronization requirements at the receiver.
III. WIGNER-VILLE DISTRIBUTION (WVD)

A. Continuous-Time WVD
The WVD (a member of Cohen's class [16] -a class of quadratic time-frequency energy distributions) is one of the most widely used TF methods [17] . This approach was developed by Wigner [18] in 1932 for use in Physics. Later Ville [19] introduced this technique to signal processing community in 1948. The classical method of determining the spectral contents of a random process is based on the well-known Wiener Khintchine theorem, i.e., the spectrum of a random process equals the Fourier transform of the classical ACF which is a function of the lag variable, τ , only. The classical ACF is time-invariant because the time is integrated out of the result. The WVD is based on a variation of the classical ACF so that it retains time variable in the result. Such ACF is termed as instantaneous ACF, Φ wvd s (t, τ ) inst . Assuming a deterministic signal s(t), continuous-time instantaneous ACF is given as
and corresponding time-frequency energy distribution is defined as
The WVD is, in fact, a distribution of the mean instantaneous power versus frequency, or equivalently, a distribution of the mean energy in the joint time-frequency plane [12] . The WVD satisfies marginals but can be negative. However, the Gaussian smoothing implemented by convolving a Gaussian function with instantaneous ACF in (7), can ensure that it is always positive. Importantly, the smoothing makes WVD identical to a spectrogram [20] with reduced cross-term interference when multiple components are present in the signal, e.g., a mobile radio signal. The smoothing operation in time results in a smoothed WVD, the smoothing in frequency results in pseudo-WVD and the smoothing in both time and frequency would result in smoothed pseudo-WVD [21, 22] .
Equation (8) is valid for deterministic signal s(t) (or a random process with only a single realization). Since we are dealing with a random channel process, we need to have a definition of WVD for random process with known statistics. The WVD for the random channel process h c (t) is defined as the expectation of WVD (t, f ) (equation (8)) over all possible realizations implied by the assumed channel statistics, i.e.,
where we have defined
The interchange of the expectation and the integral in (9) is justified if the integral exists in the mean-square sense for which a necessary and sufficient condition is [23] 
B. Discrete-Time WVD The continuous-time WVD (equation (9)) has the following logical extension to the discrete-time domain
where DWVD represents discrete-time WVD, T s is the Nyquist sampling period and Φ h (n, k) is the discrete-time equivalent of the continuous-time ACF, Φ h (t, k), given as
It may be noticed that (12) involves lags at infinity which implies that the mobile with constant acceleration needs to have unbounded velocity in order to admit description in the frequency domain in the Fourier sense! In this paper, we make the simplifying assumptions of unbounded mobile velocity and infinite sampling rate (required theoretically for proper discretization of the channel process). We shall discuss these assumptions in more detail in Section IV. Notice that (12) suffers from aliasing (as we have assumed Nyquist rate sampling) and requires samples of the channel process at non-integer instants which are not available if the channel process is sampled at the symbol rate. A number of different methods have been proposed in literature to overcome this problem [24] . We shall, however, follow the technique based on oversampling assuming that the channel process is sampled at least at twice the Nyquist rate. This assumption enables us to write (12) as follows [25] 
where T s = T s /2 is the sampling period corresponding to twice the Nyquist sampling rate 4 The assumption of twice the Nyquist rate sampling simplifies the following analysis.
Equation (15) gives DWVD for a general channel autocorrelation function Φ dwvd h (n, k).
IV. FORMULATION OF INSTANTANEOUS CHANNEL ACF AND DWVD
Let the mobile moving with initial velocity v 0 = |v 0 |, φ v and acceleration α be at an arbitrary origin O at the signaling instant 0 (Fig. 1) . We can see from equation (15) that the formulation of ACFs for DWVD and DMIPS would require the determination of channel gains at instants n, n − k and n+k where k is the lag in number of symbols. At the signaling interval n, let the mobile be at the point (Π n , φ v ) with respect to signaling instant 0, where φ v is the direction of the mobile with respect to x-axis. At the signaling interval n − k, the mobile is assumed to be at point (Π n−k , φ v ) . Similarly, at the signaling instant n + k, the mobile is assumed to be at (Π n+k , φ v ). Using the fact that the mobile is accelerating in the direction of mobile travel, we have the following relationships for distances covered by the mobile
and corresponding channel gains are
Now that we have instantaneous channel gains, using (19) and (20) , the instantaneous ACF for DWVD is given as (equation (15))
where (22) is the result of the assumption of statistically homogeneous scattering, Ψ(β) is the azimuth power distribution (APD) [15] defined as
where u(·) is the unit step function. The factor Π dwvd in (22) defined as
is the distance covered by the mobile at signaling instant n+k with respect to the signaling instant n − k (Fig. 1) . Equation (22) involves the product of two periodic functions, Ψ(β) and exp iηΠ xv ·β . The representation of these periodic functions by their respective Fourier series would result in their Fourier series coefficients to be convoluted [15]. By following the approach adopted in [15] , the ACF for DWVD can be written as
where γ m are the coefficients of the Fourier series expansion of Ψ(β) given as
and J m (·) is the Bessel function of the first kind of order zero which appears as a result of the Jacobi-Anger expansion [26] of the plane wave exp iηΠ dwvdv ·β . Equation (27) defines ACF for DWVD in general scattering environments. To keep things simple, we assume that the scattering environment around the mobile receiver is isotropic so that (27) can be rewritten as
We have plotted Φ dwvd h (n, k) in Fig. 2 showing non-stationary character of the ACF.
The discrete-time WVD in an isotropic scattering environment is defined as
where ω = 2πf (f is the frequency in hertz (Hz)) and ω D,n is the instantaneous normalized Doppler spread for DWVD spectrum. Mathematically,
Let us consider the following DTFT relationship for the Bessel function of the first kind of integer order µ [15, 27] 
where F µ is given as
Using (29) and (32) and discarding all terms except corresponding to µ = 0, we can write DWVD in isotropic scattering environment as
which is true for ω ≤ ω D,n . Since ω D,n > 0, DWVD in equation (34) is always non-negative. An important implication of (34) is that, for a finite n, the channel process has a bandlimited representation. Equation (34) represents the generalization of the Clarke's model from stationary to nonstationary case which is what we set out to show REMARKS:
The derivation of DWVD spectrum (equation (34)) implicitly assumes that the lag k is allowed to approach infinity as required by the definition of DTFT. By allowing k to approach infinity for any n < ∞, we are in fact assuming that the transmission frame is of infinite length and the mobile velocity is allowed to increase without bound becoming infinite when k is infinity. Moreover, the discretization of the continuoustime Bessel function of the first kind of order zero with linear argument without aliasing requires infinite sampling rate [28] . The assumption of infinite sampling rate is obviously a convenient mathematical construct rather than a physical reality in view of the fact that nothing can move faster than the speed of the light [29] and only finite sampling rate is possible. To be more relevant, the maximum speed of vehicles is only a few hundred km/hr, i.e., only a very slight fraction of the speed of the light and a vehicle can keep on accelerating only for a finite time. Both of these real-world facts imply that neither n nor k can approach infinity. The finiteness of n and k would require finite-length windows in the time n and lag k domains in the DTFT representation defined in (32). Our assumption of the availability of infinite sampling rate removes the need for an analog prefilter before analog-todigital converter (ADC) used to limit the bandwidth of infinitebandwidth AWGN noise. A consequence of infinite sampling rate is that the discrete-time AWGN in (5) is truly white.
V. CONCLUSIONS
We considered a downlink communications scenario in which the mobile receiver moves with constant acceleration through sufficiently rich 2D general scattering environment. The electromagnetic plane-wave theory was applied to arrive at expression for non-stationary autocorrelation function of the channel process in general scattering environments. Assuming that the mobile receiver could have unbounded velocity and infinite sampling rate is possible, we derived an expression for the Wigner-Ville spectrum in an isotropic scattering environment which happens to be a natural generalization of the Clarke's model from constant mobile velocity (stationary) to constant mobile acceleration (non-stationary) scenario. The results can be used for the performance analysis of communications systems and can be considered as a benchmark for real-world scenarios where only a finite data record may be available for spectral characterization.
